With the growing demand for mobile communications, multicarrier (MC) schemes are receiving an increasing amount of attention, primarily because they handle frequency selective channels better than ordinary single-carrier schemes. However, despite offering several advantages, MC systems have certain weak points. One is their high sensitivity to interchannel interference (ICI). The influence of Doppler shift and ICI are the focus of this paper. Newly proposed B3G/4G systems are developed for data transmission rates higher than those of the IEEE 801.11. It is then necessary that the bandwidth of the subcarrier be small. Moreover, for a higher carrier frequency and mobile speed, the influence of the Doppler shift will be large; therefore, the influence of ICI becomes severer. Using a Markov chain approach, we synthesized a turbo equalizer (TE) that minimizes ICI when interference affects the arbitrary number M of adjacent subchannels. This approach shows the complexity of the proposed algorithm exhibits linear growth with respect to M and independence with respect to the total number of subchannels in the multicarrier system. The proposed ICI cancellation scheme can also be effective in the case of multiple Doppler frequency offsets. This makes the proposed approach attractive for practical implementations.
Introduction
Orthogonal-frequency division multiplexing (OFDM) has emerged as an attractive and powerful alternative to conventional modulation schemes in the recent past due to its various advantages in lessening the severe effect of frequency selective fading. Therefore, OFDM is currently being adopted and tested for many standards, including terrestrial digital broadcasting (DAB and DVB) in Europe, and high-speed modems over Digital Subscriber Lines in the US. It has also been proposed for broadband indoor wireless systems including the IEEE 802.11, MMAC and HIPER-LAN/2. An OFDM system operating over a wireless communication channel effectively forms a number of parallel frequency nonselective fading channels thereby reducing intersymbol interference (ISI) and obviating the need for complex equalization thus greatly simplifying channel estimation/equalization task. Moreover, OFDM is bandwidth efficient since the spectra of the neighboring subchannels overlap, yet channels can still be separated through the use of orthogonality. Furthermore, its structure also allows efficient hardware implementations using FFT and polyphase filtering. Despite the progress made in combating ISI, OFDMManuscript received December 8, 2004 . Manuscript revised May 13, 2005 . † The authors are with YRP Center, Fujitsu Laboratories LTD., Yokosuka-shi, 239-0847 Japan.
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based systems still have a number of drawbacks when compared to single-carrier systems. The main drawback is their high sensitivity to ICI, which can be caused by a number of factors including frequency deviation in the receiver and Doppler shift. ICI is the main limiting factor in multicarrier (MC) communication systems, which require a high rate of data transmission over mobile channels.
The influence of Doppler shift and ICI are the focus of this paper. The complete analysis of Doppler spread perturbations in OFDM systems was presented in References [1] . It has been shown in [1] that the difference in Doppler frequencies affecting different channels paths leads to the loss of orthogonality, since a common Doppler shift can be viewed as a frequency offset and can be corrected [2] . Newly proposed B3G/4G systems are developed for data transmission rates higher than those of the IEEE801.11a. It is then necessary that the bandwidth of the subcarrier be small. Moreover, for a higher carrier frequency and mobile speed, the influence of the Doppler shift will be large and therefore, the influence of ICI becomes severer.
With some modifications, ideas developed in this paper can be applied for multiple accesses of the OFDMA system uplink, where the separation of different users is achieved by exploiting the orthogonality of the subcarriers. In such systems, frequency offsets are present among the users and simple adjusting of the receiver oscillator with PLL [2] to one carrier frequency offset, as in a single user system, cannot restore the orthogonality among subcarriers. In order to counteract frequency offsets in OFDMA, carrier frequency offsets are estimated at the base-station receiver and feedback to user terminal. The feedback approach is efficient, but requires an additional network signaling and does not work in situations in which the mobile terminal does not necessarily have access to downlinks or where the downlink suffers from a different Doppler spread (frequency division duplex (FDD), e.g.) [1] .
In a practical mobile radio channel, time-variant multipath propagation causes Doppler frequency spread. The received signal on each subcarrier can then be considered as a linear combination of signals received via different paths with different Doppler frequencies. In the proposed method, the transmission channel is modeled by a combination of multiple Doppler-shifted propagation paths and their frequency offset values are estimated using pilot symbols, ICI is then cancelled by implementation of the proposed turboequalizer that operates without requiring any feedback information.
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In [3] we proposed a non-linear iterative turbo signal processing technique based on iterative serial maximum a posteriori estimation for the case when M = 2. This technique significantly mitigates the effect of ICI on the bit error rate (BER) performance of an MC system. We used a finite-state discrete Markov process model to describe ICI. Because of the discrete nature of ICI, this model seems to be more realistic than a simple Gaussian approximation [1] - [5] . The spectra of adjacent subchannels of OFDM signals approximately cross at the −3 dB point and the first sidelobe is high as −13 dB. Such frequency localizations that cause that contribution to ICI in practice usually comes from several adjacent channels. In fact, in order to completely eliminate the ICI affect, turbo processing may have to consider as many subchannels with ICI as possible in order to satisfy the physical model. In cases where ICI appears due to the frequency offset or Doppler shifts, the number of subcarriers or subchannels M affected by ICI is equal to the total number of subchannels N., i.e. all subchannels are subject to the mutual ICI. The main motivation of this paper is developing turbo algorithms with better ICI suppression proposed early in [3] . In order to complete this task it is necessary to increase the number of sources ICI (M > 2) taken into account, and, at the same time, to keep the complexity of implementation as low as possible.
This paper represents an extension of the previous study [3] , and it intends to achieve two main goals. First, the earlier proposed method is extended to cases when the subchannel of interest is affected by interchannel interference from M > 2 adjacent subchannels. The second goal is to show that under special conditions, the proposed algorithm's complexity exhibits linear growth with respect to M and independence with respect to the total number of subchannels in the multicarrier system. This makes the proposed approach attractive for practical implementations.
The paper is organized as follows: In Sect. 3, we define the key concepts and briefly describe the synthesis and features of the previously proposed turbo-receiver for OFDM or Discrete Multitone (DMT)-based systems in the presence of ICI caused by a frequency offset. Generally speaking, ICI in OFDM/(DMT)-based systems can be caused by many different factors (e.g., insufficient guard-interval length, nonlinear distortions in the amplifier [5] , [6] , or other factors, as a result of which the subcarriers lose mutual orthogonality), not only by the frequency offset. All results presented here apply directly to the above cases. In the discussion, we assume that ICI is caused by a frequency offset. This assumption allows us to keep the simple and direct ICI model defined in the previous study [3] .
In Sect. 4, we show that it is possible to significantly simplify the previously proposed algorithm without any significant loss in the BER performance. In this section, we also derive a linearization for the proposed algorithm. In Sect. 5, we derive the structure of the linearized turbo receiver for signals with ICI for cases when the subchannel of interest is affected by interchannel interference from M adjacent subchannels. Section 6 summarizes the results and establishes common ground between the proposed scheme and the classical Decision Feedback Equalizer (DFE) approach [4] . In Sect. 7, we discuss improvements in the BER performance that result from implementing the proposed scheme and present simulation results. Here, we describe a DMT-based communication system and outline possible improvements in its performance as a result of implementing the proposed signal post-processing algorithm compared with the DFE approach. Finally, Sect. 8 presents our conclusions.
Inter-Channel Interference in OFDM
The main disadvantage of OFDM-based systems is their sensitivity to ICI. In an ideal transmission channel with no signal distortion, a DMT system would guarantee error-free recovery of transmitted symbols by the receiver and would create conditions close to "perfect reconstruction" [5] . That is, perfect reconstruction conditions are satisfied in the case of a DMT system. Note that perfect reconstruction usually requires a substantial overlap of adjacent subchannels.
In most practical applications, the orthogonality between the subchannels is destroyed by the receiver whenever the amplitude, phase, or frequency is distorted by the transmission channel or the front-end of the receiver. In most cases, this causes unacceptable performance degradation [6] . Here, we restrict our discussion to cases in which the deterioration of BER performance can be defined mostly with respect to ICI and other noise signals. During equalizer synthesis we assumed that ICI exists in the general form as shown in Fig. 4 . Thus, ICI is characterized only by the subchannels' mutual leakage coefficients. During simulation without any loss of generality, we assumed that ICI in DMT system occurs due to a frequency offset. This assumption allowed us to use a simple model of ICI in a DMT-based system.
Muschallik [7] showed that a frequency offset due to frequency differences in local oscillators between the transmitter and receiver also disturbs the orthogonality of receiver carriers, causing the demodulated signal of one carrier to be distributed to other carriers as ICI. Such a frequency offset can be generated by inaccuracies in the tuning oscillator or by an instantaneous Doppler shift in rapidly time-varying channels and will degrade the BER of the demodulated signals.
A number of methods have been developed to reduce this ICI sensitivity to a frequency offset [1] , [6] - [10] , including the windowing of the transmitted signal [7] , the use of ICI self-cancellation schemes [8] , [9] and the use of the channel matrix inversion for ICI cancellation [10] . Although all these approaches are effective in many practical applications (HDTV, WLAN, WiFi, WiMAX), minimizing the effect of ICI in this way is inherently suboptimal because interference contains information about the symbols that have been transmitted. Moreover, most of them are inefficient in the multiple Doppler spread environment.
The optimal symbol-wise reception of signals gives us a starting point for increasing the reliability of data transmission. The structure of the maximum likelihood sequence detector for M asynchronous signals in the presence of ICI and additive white Gaussian noise has been derived and described by Zhenhua at al. [11] . This receiver consists of a bank of M single-user matched filters followed by a Viterbi decision algorithm. If the input is binary, the Viterbi algorithm has a computational complexity in the order of 2 M per bit decision. Thus, the optimal receiver is too complex to implement, even for a moderate number of users or channels. On the other hand, the performance of the conventional receiver quickly becomes interference-limited as the number of users or channels increases [1] , [4] , [11] . Hence, we need a suboptimal receiver or equalizer whose performance approaches that of the optimal receiver [3] but whose complexity is significantly lower.
System Configuration and ICI Model
In this study, we assume a DMT-based communication system. We also assume that the guard interval length exceeds the maximal channel delay spread, thus the ISI level is negligible compared to that of ICI and other noise signals. It is assumed that an OFDM signal represented in (1) is transmitted
where, N is the number of subcarriers (subchannels), T S is the symbol length, ∆ f is intercarrier frequency space, f C is the lowest carrier frequency, D n (m) is the data symbol on the subcarrier (subchannel) whose frequency f n = f C +n·∆ f in the m-th OFDM symbol. In a practical mobile radio channel, time-variant multipath propagation causes Doppler frequency spread. Therefore we assumed that the transmission channel consists of N P differently Doppler-shifted propagation paths with incident angles γ i . In fact, difference in incident angles γ i for each transmission path defines the difference in the Doppler shifts [10] . Thus, the received OFDM signal can be written as: (2) where, A i , τ i and ∆ f i are attenuation, relative delay and Doppler shift of the i-th path respectively; n (t) is additive Gaussian noise.
Figures 1 and 2 illustrate this suggestion about the physical model, where δ i = ∆ f i /∆ f is the normalized frequency offset of the i-th path.
As shown in [10] , after down converting and sampling the received signal (2), the block of samples are transformed by FFT to generate signal y l (t) on l-th subcarrier or, similarly, the data symbol D * l (k) that corresponds to each subcarrier (subchannel). Thus, y l (t) and D * l (k) are expressed as:
where n l (k) is additive noise that corresponds to the l-th carrier in the k-th OFDM symbol and α l,n (k) is the transfer function from symbol D n (k) to the l-th carrier.
Here, the coefficient α l,n (k) is the transfer function from symbol D n (k) to the l-th subcarrier. If l n, α l,n (k) represents the influence of ICI. For simplicity, we start with only two adjacent channels (one placed below and the other placed above the channel of interest) as shown in Fig. 3 . Thus we assumed that the influences of components α l,l±2 (k), α l,l±3 (k), etc. are insignificant. Although this means that there is some loss of generality, this restriction reflects the fact that in practice, the main contribution to ICI usually comes from adjacent channels and any contribution to ICI from channels further from the channel of interest can be considered negligible and treated as Gaussian noise. In the following sections, we will extend this model to a more general situation, when M adjacent subchannels introduce ICI into the subchannel of interest (Fig. 4) . For illustration purposes, in Fig. 4 , we split the M subchannels into two groups with M/2 subchannels in each group. However, generally speaking, the number of subchannels in each group can be different. In this model, the case shown in Fig. 3 can be referred to as a case with M= 2 when only the ICI from the two adjacent subchannels is taken into account. Without any loss of generality, we assume that ICI in DMT systems occurs due to a difference in Doppler shifts ∆ f i . We also assume that the sampling frequency at the receiver is tracking the correct value. This assumption allowed us to use a simple ICI model in the DMT-based system.
The models shown in Figs. 1-4 are useful for understanding the physical processes that cause ICI and will be used throughout this study. With the model defined, the problem then is to determine the value (or its sign in the case of binary transmission) of the transmitted information symbol, D i , for a given received signal in a specific subchannel.
The Receiver and the Mathematics of Probability
In this section, we define some of the key notions and briefly present some of the results obtained in the previous study [3] for the case when M= 2. Here, we assume that binary information is transmitted through subchannels by means of signals D i (k, j), i = −1, 0, +1; j = 0, 1, whose duration is T . In this notation index, i defines the number of each subchannel with respect to the subchannel of interest, while index j is determined by the sign of information symbol D i in the corresponding subchannel i
For simplicity, we omit time index k and index j dependences for signals
and that the same signals are used in the lower and upper subchannels as well as in the subchannel of interest for the transmission of information symbols. The latter assumption reflects the fact that all subchannels are presumed to be identical, with no differences (in amplitude, shape, energy, etc.) between the information signals.
From Fig. 3 , signals in the subchannel of interest (subchannel number zero), affected by ICI from the lower and upper subchannels can be represented as a linear combination of signals transmitted in the lower and upper subchannels and in the subchannel of interest with α i j coefficients corresponding to the cross-channel leakage i.e.
For example, in the k-th OFDM symbol for information symbol D 0 = +1 in the subchannel of interest we have:
In this case, for information symbol D 0 = −1, the signals in the subchannels are paired and are opposite in sign:
From Eqs. (5) and (6), instead of a set of two transmitted signals (4), after the introduction of ICI, we have a set of eight signals S j , j = 0, . . . , 7 at each subchannel receiver input. The possible number of signals S j , j = 0, . . . , 7 is determined by the number of symbols in the subchannel of interest, D 0 , and it depends on the symbols in adjacent subchannels D −1 and D +1 .
Let us assume that a maximum a posteriori probability symbol-wise algorithm (MAP) [12] is employed for making decisions about the sign of the information symbol transmitted in the subchannel of interest. The motivation for this approach is that the MAP-based algorithm provides better results than maximum likelihood estimation [12] . This is mostly because this algorithm takes into account the a priori knowledge about receiving signals. In the previous study [3] , we treated the received symbols to be estimated as deterministic parameters; we also used the a priori knowledge about the symbols in the adjacent subchannels and treated them as stochastic parameters, but limited them to a finite set of discrete values. The a posteriori probability of reception of an information symbol in the subchannel of interest, P (D 0 /y 0 (t)), is obtained as the sum of the a posteriori probabilities of reception of signals that correspond to the transmitted information symbol D 0 in the subchannel of interest. From Eqs. (5) and (6), the a posteriori probability of reception of signals in the subchannel of interest, P (D 0 /y 0 (t)), can be written as
where P S j /y 0 (t) is the a posteriori probability of receiving signal S j given y 0 (t), and y 0 (t) = S j +n 0 (t) is the receiving signal representing an additive mixture of a sequence of signals with ICI and white Gaussian noise n 0 (t) with spectral power density N 0 .
In the maximum a posteriori probability receiver, the sign of the received information symbol D is determined according to the result of comparing the a posteriori probabilities received information symbol D with an appropriate sign or their logarithms with a threshold [12] . Therefore, for the subchannel of interest,
In the previous study, we derived a decision rule for signs of the received information symbol in the subchannel of interest. Here, we present the same results expressed explicitly in terms of cross-channel leakage coefficients α +10 and α −10 . For further detail, please refer to the previous work [3] .
In order to preserve the succession, we employed the same notation in (9) as in the previous study [3] . Here,
The term ∆ ln P i represents a soft decision in the i-th subchannel. Here, the decision rule makes a hard-bit decision, i.e. the decision about the transmitted signal's sign. The decision rule for the subchannel of interest is graphically depicted in Fig. 5 .
The non-linear transfer function
used in (9) can be described as a limiter with a linear region. Notice that the level of limits depends on ∆E and the SNR ratio defined in (10) (precisely speaking, it depends on the Gaussian noise spectral power density N 0 ). Figure 6 shows the transfer function of a non-linear unit, F (x, ∆E), for different parameter ∆E values and Fig. 7 its graphical representation. Figure 7 shows a graphical representation of F (x, ∆E) as a soft limiter, which will be used throughout the following discussion. As can be seen from (9) and Fig. 5 , despite the obvious simplification decision algorithm compared to the previous decision rule presented in [3] as a result of using explicit expressions, the proposed receiver still looks complicated. Let us see now how we can simplify it even further. 
Hierarchical Turbo Equalizer Structure
First note that the proposed receiver has a hierarchical structure. The turbo receiver shown in Fig. 5 can be decomposed into different levels as shown in Fig. 8 . The two blocks marked as "Level 0" in Fig. 8 correspond to the first four non-linear items in (9) followed by linear item 2 N 0 T 0 2 · y 0 (t) dt and are expressed asF (x, ∆E 01 ) and F (x, ∆E 23 ); the blocks marked as "Level 1" correspond to the two items under functional log cosh{•}, and the block marked as "Main Pass" corresponds to the Main Pass through the first linear item, (9) . Each rectangular block marked as the certain "Level" in Fig. 8 has a transfer function shown in Fig. 6 and an internal structure shown in Fig. 7 . The bold line marks inter-level connections in Fig. 8 , which are also shown in Fig. 5 . As can be seen from Fig. 8 and Eqs. (9) and (10), the receiver for M = 2 consists of the above three levels: the Main Pass (the main contribution), level 0, and level 1.
Let us try to find more details about parameters for nonlinear blocks at the different levels of turbo equalizer shown in Fig. 8 . At level zero, there are two non-linear blocks with transient functions F (x, ∆E 01 ) and F (x, ∆E 23 ). Inputs of these blocks are the same, and they are coming from the output of the correlator with α +10 (cross-channel leakage from the upper subchannel). Parameters ∆E 01 and ∆E 23 correspond to the energy difference between the signals with opposite signs that are affected by ICI from the same upper subchannel (the couples of signals S 0 , S 1 are different from S 2 , S 3 in information symbol D +1 = ±1).
Similary, at level one, there is only one non-linear block with a transient function F(x, ∆E Σ ), where
The input signal for the non-linear block at level one is coming from the output of the correlator with α −10 (cross-channel leakage from the lower subchannel). From Eqs. (14)- (16), it is easy to see that parameter ∆E Σ is the sum of the energy differences between the signals with opposite signs that are affected by ICI from the same lower subchannel (the couples of signals S 0 , S 2 are different from
From the above discussion, we can conclude that each level of the turbo equalizer corresponds to a single path from the ICI source (Fig. 4) . Therefore it seems reasonable to assume that if we increased the number of ICI sources, for example, by one, from M= 2 to M= 3, the new turbo equalizer will have the structure of the turbo equalizer for M = 2 (in order to process all M= 2 ICI sources), plus an extra level for processing an additional source of ICI. In the next Section, we will discuss a possible extension of the proposed technique for M > 2.
Further Algorithm Development
So far we have restricted the discussion for cases when only two adjacent subchannels introduce ICI into the subchannel of interest (M = 2). Figure 9 shows the proposed turboequalizer structure for cases when three adjacent subchannels affect the subchannel of interest.
In Fig. 9 , this is shown as M= 3. As expected, the new turbo equalizer, in addition to having the structure of the turbo equalizer developed for M = 2 (Fig. 8) , uses an additional level for processing an additional ICI source. In Fig. 8 , the turbo equalizer structure is shown without any mathematical prove. A direct approach, similar to the one described in the earlier work [3] for M = 3 was used to derive this structure; however, this approach is too complicated to be presented here, and at the same time, it does not provide any new solutions. In Appendix A, we present a simplified explanation and definitions related to the turbo equalizer shown in Fig. 8 .
In Appendix A, we use a mathematical induction method to show that the number of levels in the turbo equalizer exhibits linear growth with respect to M and independence with respect to the total number of subchannels in the multicarrier system.
Inter-Level Connections
The inter-level connections in Figs. 8 Fig. 8 and Fig. 9 (Eqs. (9) and (17)). Let's see what happens if we simplify receiver structure by removing inter-level connections in Figs. 8 and 9.
Here, Eq. (17) applies to the non-linear block at level one shown in Fig. 8 , or to the two last items in (9) , that is, when all inter-level connections are taken into account. Equation (18) shows the same calculations with all interlevel connections omitted. Figure 10 shows the plots based on Eqs. . 10) ; however, they do not affect slope and limiting level. Thus, the linear part and the limiting level are defined mostly by parameter ∆E Σ . Therefore, it is reasonable to assume that the impact of the inter-level connections on the total BER performance is not so strong. In order to prove it, we remove all inter-level feeds to the non-linear block at level one. We use Eq. (18) instead of Eq. (17) to determine the BER performance of the newly obtained simplified turbo equalizer. The corresponding simulation conditions for the proposed turbo equalizer algorithm are shown in Table 1 .
Thus, during simulation the two last non-linear items in (9) were reduced to:
and ln cosh Figure 11 shows the BER performance as a function of 2E b /N o (a doubled average received signal energy per bitto-background noise power spectrum density ratio) and the frequency offset is normalized to the inter-subchannel space δ = 0.25 as a parameter for a conventional DMT-based receiver [14] using 64 subcarriers with QPSK modulation and a Gaussian noise (AWGN) channel (points marked DMT), and the same DMT receiver using the proposed turbo postprocessing algorithm (DMT+TE) with two turbo-iterations (M= 2). As a reference, the simulation results for ICI-free transmission (δ = 0.0) with the matched filter receiver are also shown in Fig. 11 . Points corresponding to the direct calculations based on Eq. (9) are denoted as "DMT+TE." Results corresponding to the simplified calculation based on Eqs. (19) and (20) are not shown in Fig. 11 because they are completely the same as the results obtained with Eq. (9) . Only some insignificant degradation in the low 2E b /N o area (2E b /N o < 3, . . . , 5 dB) was found by analyzing the numerical data. In coded OFDM transmission (COFDM), the BER for the effective use of forward-error-correction codes (convolutional, for example) should be in the order of 10 −3 or lower; in some coding schemes it can be as high as10 −2 . As can be seen in the BER plots in Fig. 11 , the proposed scheme calculated with Eqs. (19) and (20) provides the necessary BER for the following implementation of the forward error correction. Therefore, inter-level connections can be omitted in most practical cases.
Despite the linear growth of the number of levels with respect to M, which enables keeping the complexity of the turbo equalizer the same as that of the Decision Feedback Equalizer (DFE) or similar to that of the Viterbi decoder, the number of non-linear blocks at each level still grows exponentially as 2 M−1 . For example, when M = 2, the number of non-linear blocks at level zero is two; however, when M= 3, the number of non-linear blocks at the same level increases to 4. Obviously, such exponential grow of the turbo equalizer complexity makes its practical implementation very difficult. In this Section, we will show how this problem can be overcome while preserving the linear complexity growth.
As can be seen in Figs. 8 and 9 , despite the exponential growth of the number of non-linear blocks in the levels, the decision rule uses the sum of non-linear blocks outputs from each level. This is good news. Figure 12 shows the sum of outputs of two non-linear blocks as the following function:
This sum can be considered as the output of the nonlinear blocks at level zero in Fig. 8 or at level one in Fig. 9 , with the appropriate substitution of ∆E. As can be seen from Fig. 12 , the resulting curve for F Σ (x, ∆E 1 , ∆E 2 ) still has the shape of the same limiter with a linear area. Moreover, the limiting level, Lim Σ , of the resulting function, F Σ (x, ∆E 1 , ∆E 2 ), equals the sum of the limiting levels of each item (Fig. 12) . Thus, we can easily replace the sum of the two non-linear blocks with a single non-linear block with limiting level Lim Σ defined as the sum of the individual items' limiting levels (21), (22).
This approach becomes more obvious if we apply a broken-line approximation to each item shown in Fig. 12 . It is well known in mathematics that the sum of several linear functions is also a linear function. Therefore we can extend this notion to the sum of an arbitrary number of non-linear blocks.
It was found experimentally by authors during simulations that the following broken-line approximation of F (x, ∆E) gives the best results (does not cause any BER degradation) for most practical
where parameter Scale is defined as
The broken-line approximation of the resulting function, F Σ (x, ∆E 1 , ∆E 2 ), defined in (21) is shown in Fig. 12 . It was calculated for 2E b /N o =10 dB according to the approximations in Eqs. (22)-(24) .
The average BER for a system using a broken-line approximation for non-linear blocks is also shown in Fig. 13 (points marked "Approx."). As can be seen, there is no BER degradation at all. Instead, there is a small improvement in BER in the high-2E b /N o area. This insignificant improvement is due to the fact that during the direct calculations based on Eq. (11), cosh {•} is calculated as a difference of two exponential functions and the parameters of these exponential functions grow significantly with N 0 → 0:
Therefore, this exponential overflowing, or the errors of calculation in the case of a huge function's arguments, slightly affect the BER results.
Let us now define the limiting levels for the sum of non-linear blocks for the turbo equalizer schemes shown in Figs. 8 and 9. When M=2 (Fig. 8) , the limiting levels of nonlinear blocks at level zero and level one are (see Appendix B):
Here in (25), we include a scaling factor of 1 / 2 followed by the summing circuit in Fig. 8 . Similar results were obtained for the turbo equalizer shown in Fig. 9 Equations (27)- (29) show that after scaling, output signals at the non-linear blocks depend only on the crosschannel leakage coefficients α i j and SNR. Now we are ready to derive a turbo equalizer structure for cases when M sources of ICI affect the subchannel of interest.
The General CASE of ICI and Comparison with DFE
In this section, we will present a turbo equalizer for the general case shown in Fig. 4 , when M sources of ICI affect the subchannel of interest. Figure 13 shows the structure of a low-complexity turbo equalizer. The proposed turbo equalizer employs M subchannels in addition to the main path (Main Pass). Each subchannel corresponds to a single path of ICI shown in Fig. 4 . In order to keep the complexity linear, we replace the sum of non-linear blocks (Figs. 8 and 9) with a single non-linear block whose total limiting level is equal to the sum of the limiting levels of individual blocks. Thus, in Fig. 13 , each subchannel is incorporated with a single non-linear block. As shown in Appendix B, the limiting level of non-linear blocks in the subchannels is defined only by the cross-channel leakage coefficient, α i j , and summing factor 2 M . Finally, in order to keep a partial subchannel amplitude balance, an additional multiplication with a scaling factor of 2 −M is introduced. By analyzing the structure shown in Fig. 13 , it is easy to find certain similarities with the DFE [12] , [13] approach proposed in reference [13] to combat ICI. This similarity becomes more pronounced if we assume that leakage coefficients α i j are relatively small, i.e. α i j 1.0. This assumption reflects the fact that in practice for well-designed systems, the contribution form ICI (undesirable signal contribution) is significantly lower than the contribution of the useful (desirable) signal. Thus, for the leakage coefficients α i j in order of magnitude 0.1 or less, all correlators with the reference signals α i j can be omitted with only SNR penalty less than 0.1 dB. Such a modified turbo equalizer with omitted correlators and a DFE-based equalizer are shown in Figs. 14 and 15, respectively.
Removing ICI components from the input signal is performance by passing soft-decision from the adjacent subchannels through the hard limiter circuit with the following weighting as shown in Fig. 15 .
Complexity of equalizer is the essential criteria for its practical implementation. Table 2 below shows the estimation of the number of operations per subchannel with parameter M for the proposed algorithm and classical DFE. QPSK constellation is assumed (More details are in Appendix C).
Here we assumed that the binary shifting by M bits performs the scaling (multiplication) by 1/2 M and the look-uptable (LUT) or linear approximation (23), (24) employs for the non-linear transfer function (11) calculations. As can be seen from Table 2 , both approaches have about the same complexity.
We'd like to stress that despite the above-mentioned similarities in structure between the proposed turbo equalizer and the DFE, there is a significant difference in operation. The main difference between these two approaches is that in the case of the turbo equalizer, the operational point of the non-linear block is placed mostly in the linear area (Figs. 6 and 12) . Only high-amplitude noise components can move the operating point from the linear to the limiting area. This reflects the fact that the linear area and limiting levels depend directly on the Gaussian noise spectral power density, N 0 . Thus, when the Gaussian noise spectral power density, N 0 , decreases, the limiting level and linear areas in Fig. 12 increase and vice versa. In contrast, the DFE is specifically designed to work in the limiting area in order to re-construct the transmitted signal. The transfer function (the weight) for the DFE is static and does not depend on SNR. Therefore for most practical implementations, the DFE must have a high SNR for proper operation [12] , [13] . From this, we conclude that the proposed turbo equalizer operates in a more intelligent way because the non-linear levels are adjusted according to the SNR value.
Finally, the denoted similarity in the structures does not automatically suppose the similarity in the operations' principles. The compensation technique is behind that of the DFE. In the turbo-equalizer, the proposed structure approximately calculates a posteriori probabilities of transmitted information symbol. Figure 16 shows the average BER for these two approaches for an AWGN channel (δ=0.25) as a function of 2E b /N o , and M equals the number of ICI sources taken into account during signal processing as a parameter. The simulation conditions, number of subchannels, modulation scheme, number of turbo-iterations, and corresponding channel conditions are shown in Table 1 . Additional cross-channel leakage coefficients α i j were selected according to Table 3 . As can be seen from Fig. 16 , the proposed turbo equalizer provides better BER performance than does the DFE at the same level of complexity. The BER performance of the DFE is approximately constant when the SNR values are high (2E b /N o > 15 dB). There is no additional improvement in BER even when the SNR is constantly increased. This reflects the fact that when the estimations in the adjacent channels are correct, only the Gaussian noise and other uncompensated ICI define the BER performance.
Noise Immunity and Simulation Results
In the previous work [3] , we showed that in order to completely eliminate the effect of ICI, the equalizer must take into account as many subchannels with ICI as possible in order to satisfy the physical model. In cases where ICI appears due to frequency offsets, the number of subchannels affected by ICI, M, is equal to the total number of subchannels, N, i.e. all subchannels are subject to mutual ICI. In contrast to the DFE, the turbo equalizer in the second and all following steps calculates a new estimation for the logarithm a posteriori probability in the subchannel of interest, which is also used in the adjacent subchannels, even for a limited M (M =2) [3] . Thus the results obtained in the adjacent subchannels are used during logarithm a posteriori probability calculations in all other adjacent subchannels (30). Even if there are no direct relation between the channels placed higher and those placed lower than the channel of interest, there is a chain, or indirect relationship, between the results obtained for all channels, even if M is still limited to 2. In this way, the output of one-subchannel receiver is used as a priori information by another subchannel, i.e.
Indirect relationship between the results obtained for all channels (30).
where operand F in (30) denotes the processing algorithm (9) or its possible modifications (19) and (20).
This chain structure of improvements is shown in (30) for two adjacent subchannels. This is the main reason why the proposed turbo equalizer significantly outperforms the DFE at the same level of complexity.
The BER performance achievable under a Doppler spread channel was also evaluated by computer simulation. Doppler spread 300 Hz was selected during simulations. Assuming 5 GHz carrier frequency, the corresponding traveling speed of a mobile terminal is about 65 km/h. In the simulation, we used a multipath channel derived from a typical channel profile of urban, non-hilly terrain with six rays, or paths, and an exponentially decaying power delay profile. For each path, Raleigh-distributed random attenuation was assumed. The adopted channel model is similar to the vehicle test channel, A, in the recommendation of ITU-R M1225. There are 6-path fading channels with time delays of 0, 1, 2, 3, 5 and 8 sample intervals, each path experiencing independent fading with an average power of {0, −2, −9, −10, −15 −20} dB, respectively.
Observe that different paths having different Doppler frequencies, which break the orthogonality between subchannels, cause the ICI. During simulation we assumed that the path with maximal amplitude had the Doppler shift which equals zero, i.e. a carrier's PLL is locked onto the signal at the strongest path.
In the simulation, we also assumed that the transmission channel's parameters were not changed by the single DMT symbol duration. The configuration of the simulation under frequency-selective fading is shown in Table 4 .
We assumed here the case of the multiple Doppler frequency offsets. The normalized frequency offset of the direct path equals 0 and other paths have Doppler shifts equal to 0.15, 0.10, −0.10, 0.08 and 0.6 correspondingly (see Table 4 ).
The length of the guard interval was selected to be 8% of OFDM symbol duration that significantly exceeds the channel's spread maximum delay value. Thus, no ICI or ISI is introduced by multipath channel [4] , [14] and therefore all ICI in the DMT communication system are caused only by the differences in the Doppler shifts δ i . Figures 17 and 18 show the BER performance of a conventional DMT-based receiver [14] using QPSK modulation (points indicated in Figs. 17 and 18 as DMT STD) and of the same DMT receiver equipped with the proposed turbo equalizer (points marked as DMT+TE) for the simulation parameters shown in Table 3 . In Fig. 17 , "Static" denotes a multipath channel that does not change with time, i.e. a static multipath channel when signals from all paths result in interference that does not change in time. Meanwhile the Doppler shifts for individual paths are not equal to zero and selected from Table 3 . Figure 17 shows the BER performance for the same system as a function of the number of turbo iterations (TI). Experimentally, we found that an increase in the number of turbo iterations to more than three (points denoted in Fig. 17 as 3TI and 4TI), which complicated the calculations and increased the decoding latency, did not significantly improve BER performance. Increase in the number of turbo iteration by 1 (from 3 to 4) yields an SNR gain of less than 0.2 dB. This demonstrates good convergence of the proposed algorithm. For example, in order to achieve the high-gain performances, the standard turbo decoders have to employ at least eight turbo iterations, or more.
Plots in Fig. 17 show substantial improvement in BER when the number of subchannels M taken into account is increasing. In fact, in order to completely eliminate the ICI affect, a turbo equalizer may consider as many subchannels with ICI as possible in order to satisfy to the physical model shown in Fig. 4 . In cases where ICI appears due to the different Doppler shifts, the number of subchannels affected by ICI M is equal to the total number of subchannels N, i.e. all subchannels are subject to the mutual ICI. However, the main contribution to ICI comes from adjacent subchannels and any contribution to ICI from subchannels further from the subchannel of interest can be considered negligible. Experimentally, we found that for maximum normalized Doppler shift equal to 0.15, an increase in the number of subchannels M taking into account no more than 6 did not significantly (less than 0.5 dB) improve the BER performance. Similar results have been reported in [3] . As shown in Figs. 17 and 18 , the proposed turbo postprocessing scheme works well in the multipath and multiDoppler radio channel. However, as can be find seen in Figs. 16 and 17, the effectiveness of the proposed method in the case of the multipath channel is lower than in the case of AWGN channel. This is mostly due to the frequency selective fading environment, when signals in the different subchannels (signals at the different subcarriers) have different amplitudes. As it was discovered in [3] , the reported turbo algorithm provides better performances when the mutual coupling (leakage) between adjacent subchannels does not exceed 30% of signal's amplitude in the subchannel of interest. In this case there is no any significant BER degradation due to ICI with respect to the case of ICIfree transmission. In the case of AWGN channel (Fig. 16) when ICI is caused only by a single non-zero frequency offset, these leakage coefficients are not exceeding 0.3; therefore, the proposed scheme works very efficiently. In the case of Raleigh fading when the different subchannels have different amplitudes due to frequency selective fading and different Doppler shifts, leakage coefficients can exceed 0.3. That makes the proposed algorithm less efficient.
One possible solution that can improve the situation in the case of frequency selective fading is increasing the number of subchannels in the system in order to get a strong correlation between signals' amplitudes for the adjacent subchannels. Because of high correlation, the signal's amplitudes into adjacent subchannels will remain at the same or approximately the same level, and, therefore, effect from implementation of the proposed turbo equalizer for ICI suppression will be increased. QPSK constellation was selected during simulation. However our study could not have been completed without discussion about implementation of the proposed method into M-QAM constellations, which the most OFDM communication systems have adopted [5] , [14] . Because of the space limitation here we only show QAM-16 BER plots (Fig. 19 ) similar to plots shown in Fig. 17 and obtained for the QPSK case. As can be seen in Fig. 19 , the proposed turbo equalizer also shows better performance than DFE in the case of quadrature amplitude modulation. Some ideas about possible ways of extending the proposed algorithm for QAM-16 constellation case and structure of QAM-16 turbo equalizer have been presented by authors recently in [15] and more results are under development. It has been found that when we are moving from QPSK to QAM-16 constellation, the complexity of QAM-16 turbo equalizer increases approximately twice, i.e. turbo equalizer complexity again exhibits linear growth respect to the number of constellation points.
Points corresponding to BER obtained with actual channel estimation are marked in Figs. 17 and 18 as "Estim.CSI." In the proposed turbo-scheme, pilots' symbols (P) are used to estimate the channel parameters. Pilot symbols are inserted among the data symbols as shown in Fig. 20 . We insert a pilot symbol block every m = 6 OFDM blocks. The insertion of such pilot symbols guarantee that the transmission channel conditions do not change significantly between two consecutive channel states estimations [16] . An alternative possible pilot signal insertion method using scattered pilot symbols is described in [10] .
We implemented the channel transfer function estimation method based on minimizing the mean square error proposed in [10] for DFE approach. According to this method, the parameters of channel transfer function are estimated so as to minimize the mean square error of equation, where P means that summation is performed as long as D l (k) is a pilot symbol.
In Eq. (31), the received symbols and locally generated replicas of the received symbols against pilot symbols are compared and channel parameters such as δ i are estimated to minimize this criterion. In the case when N p is more than one, we assumed that the influence to the MMSE from each path is approximately independent. Thus, the influence of each path, estimated with (31) can be removed from the total E (N P ). After this, there remains the influence of other paths in the MMSE. By removing the influence of the first estimated path E (1) from the MMSE, the following criterion, E (2) is obtained. This procedure has to be repeated continuously for N P times for all paths. More details are in [10] . As shown in Figs. 17 and 18, BER degradation during actual channel estimation comparing with the case with a perfect known channel is less than 1-1.5 dB for all ranges of SNRs employed in such type of systems.
Conclusion
We investigated the effect of ICI on two adjacent subchannels in a multicarrier communication system. The performance of a conventional matched filter receiver degrades rapidly as the coupling between adjacent subchannels increases. This increases the BER in uncoded and coded systems.
Further improvement in the DMT performance was obtained by increasing the number of adjacent subchannels for ICI cancellation. In order to keep the turbo equalizer complexity as low as possible, a linear approximation was introduced for non-linear blocks. The proposed turbo equalizer algorithm's complexity exhibited linear growth with respect to M and independence with respect to the total number of subchannels in the multicarrier system. The internal structure and level of complexity of the proposed turbo equalizer are approximately the same as those of the DFE. However, the BER performance of the proposed scheme obtained by computer simulation was much better than that of the standard DFE.
In the multipath and multiple Doppler shifts environments, the proposed turbo equalizer provides probabilities of error10 −3 or less that cannot be reached in the standard DMT-based systems. This makes possible the successful implementation of different forward error correction schemes like a convolutional code or the turbo code.
The implementation of the turbo algorithm is independent of transmitted signals, providing complete standard OFDM (DMT) reception compatibility. This makes the proposed scheme attractive alternative for practical implementations in the newly developed B3G/4G mobile communication systems, i.e. WiMAX MAN, where the influence of ICI caused by multiple Doppler shifts becomes severer.
And for information symbol D 0 = −1 in the subchannel of interest, we have: Let us present the newly developed turbo equalizer hierarchically, in a way similar to the turbo equalizer shown in Fig. 10 , when M = 3. It should be a three-level structure in order to satisfy the following condition: one level for each ICI path.
Let us assume that the first ICI source is information symbol D +2 that belongs to subchannel number +2. There are eight couples or groups of signals in (A· 1)-(A· 3) that are different in information symbol D +2 = ±1. These are S 0 , S 1 ; S 2 , S 3 ; S 4 , S 5 ; and S 6 , S 7 . Therefore "Level 0" of the newly developed turbo equalizer consists of four non-lineal blocks with transient functions F (x, ∆E 01 ), F (x, ∆E 23 ), F (x, ∆E 45 ), and F (x, ∆E 67 ). In order to maintain the same output level after summing of non-linear blocks outputs, (level balance), the values equal to the inverse of the number of non-linear blocks is a scale factor. Thus, for level zero with four non-linear blocks, a scaling coefficient of 1 / 4 is used.
The second source of ICI is information symbol D +1 that belongs to subchannel number +1. There are also eight couples or groups of signals in (A· 1)-(A· 3) that are different in information symbol D +1 = ±1. These are S 0 , S 2 ; S 1 , S 3 ; S 4 , S 6 ; and S 5 , S 7 . According to the structure proposed for level two, these signals are grouped by two-the first group consists of S 0 , S 2 and S 1 , S 3 , while the second group consists of S 4 , S 6 and S 5 , S 7 . Therefore, the second level in the proposed turbo equalizer consists of two non-lineal blocks with transient functions F (x, (∆E 02 + ∆E 13 )/2) and F (x, (∆E 46 + ∆E 57 )/2). The scaling factor equals 1 / 2 for level two. Here again, the first non-linear block, F (x, (∆E 02 + ∆E 13 )/2), is the same as in Fig. 10 .
Finally, the last source of ICI is information symbol D −1 that belongs to subchannel number −1. Similarly to levels zero and one, there are also eight couples of signals in (A· 1)-(A· 4) that are different in information symbol D −1 = ±1. These are S 0 , S 4 ; S 1 , S 5 ; S 2 , S 6 ; and S 3 , S 7 . According to the structure proposed for level three, these signals represent only one group. Therefore the second level in the proposed turbo equalizer consists of only one non-lineal block with transient function F (x, (∆E 04 + ∆E 15 + ∆E 26 + ∆E 37 )/4). The scaling factor equals 1 for level 3. The hierarchically constructed structure of the turbo equalizer for M = 3 is shown in Fig. 11 . We obtained the same turbo equalizer structure by straight mathematical synthesis.
The proposed discussion can be extended for an arbitrary M. Thus, the total number of signals after introduction of ICI equals 2 M . Therefore, at level zero, there are 2 M−1 non-linear blocks combining couples of signals, and the scaling factor for level zero is 1/2 M−1 . Further, at level one, there are 2 M−2 non-linear blocks combining quadruplets of signals, and the scaling factor for level zero is 1/2 M−2 . This continues until finally at level M we get a single nonlinear block combining M/2 signals, and the scaling factor equals 1, which can obviously be omitted, but is still shown in Figs. 10 and 11 for the purposes of illustration.
Appendix B
When M = 2, from (2) and (3), the energy of signal S j (t) is defined as E j = Thus, in order for the system model to remain valid, it is necessary to replace each interference path for each information symbol (source of ICI) shown in Figs. 3 and 4 with two ICI paths (for real and imaginary sources of ICI separately) as shown in Fig. A· 2. Therefore, for the quadrature modulations like QPSK or M-QAM due to cross quadrature interference, the total number of ICI sources increases to 2M with respect to M for the BPSK case. However, the internal structure of the turbo equalizer remains the same (with the substitution of 2M) as shown in Figs. 13 and 14 .
